[6ulzar, 4(2): February, 2015] ISSN: 2277-9655
Scientific Journal Impact Factor: 3.449
(ISRA), Impact Factor: 2.114

=+ 1JESRT

INTERNATIONAL JOURNAL OF ENGINEERING SCIENCES & RESEARCH
TECHNOLOGY

ZEROS OF A POLYNOMIAL WITH RESTRICTED COEFFICIENTS
M.H. Gulzar
* Department of Mathematics, University of Kashmir, Srinagar 190006, India

ABSTRACT
n
Let P(z) = Zaj ' be a polynomial of degree n whose coefficients satisfy a, >a, ; > ...... >a, >a,>0.
j=0
Then , a classical result of Enestrom and Kakeya says that all the zeros of P(z) lie in |Z| <1. In this paper , we give
some extensions and generalizations of this result.
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INTRODUCTION
Regarding the distribution of zeros of a polynomial , Enestrom and Kakeya[10,11]
proved the following interesting result:

n
Theorem A: Let P(z) = Zaj z' be a polynomial of degree n such that
=0

a,>a, ; =...2q,=a,>0.

Then P(z) has all its zeros in |Z| <1.

In the literature [1-14] there exist several extensions and generalizations of this result. Joyal et al. [9] extended the
theorem to polynomials whose coefficients are monotonic but not necessarily non-negative. In fact, they proved the
following result:

n .
Theorem B: Let P(2) = Zaj Z" be a polynomial of degree n such that
j=0
a,z2a, ;2.2 24,.
Then P(z) has all its zeros in
1
7| <—(a, —a, +|a,|) .
2|
Govil and Rahman [8] extended the result to the class of polynomials with complex coefficients and proved the
following result:

n .
Theorem C: Let P(z) = Zaj ' be a polynomial of degree n with complex coefficients such that for some real &
j=0
and [,

.
‘argaj—ﬁ‘SaS—

,1=012,.....n,
2
and
la,| = |a, ] = = [ay| 2 8y -
Then P(z) has all its zeros in the disk
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i 2sina &
|z| < (sina +cos ) +—Z‘aj ‘
.| 17
Aziz and Zargar [2] relaxed the hypothesis of Theorem A and proved the following extension of it:

n
Theorem D: Let P(z) = Zaj " be a polynomial of degree n such that for some k >1,
i=0

Then P(z) has all its zeros in |Z +k —]4 <k.
Rather and Shah [13] gave the following generalizations of Theorems B ,C and D:

n

Theorem E: Let P(z):Zajz‘ be a polynomial of degree n with complex coefficients such that
j=0

Re(a;) =a;,Im(a;) = B;, ] =012,......,n.. If for some reals t,s and

Bz By 2 2320,

Then all the zeros of P(z) lie in the union of the disks |Z| <1 and

Z+—

n

Si[Zal —(a, +t)—«a, +28+|a0|+ﬁn].

]

n .
Theorem F: Let P(z) = Zai z? be a polynomial of degree n. If for some positive numbers A and 2,
j=0
A+a,za,;=...2a,—u=0,
then all the zeros of P(z) lie in the closed disk

z+i si(an +A+2u).
an a‘n

Gulzar [14] proved the following generalizations of Theorems E and F.

n .
Theorem G: Let P(z):Zaszbe a polynomial of degree n with complex coefficients and
j=0

Re(aj)zaj,lm(aj):ﬁj,j:0,1,2, ...... ,N.If for some real numbers r , s and k>1 and for some
1e€{012,.....,.n-1},

r+o,<a,,<..<a,,<Kka,>2a,,>2....20,2a,—5S
and

L=z 22,20,

then all the zeros of P(z) lie in the union of the disks |Z| <1 and

r 1
z+— < W[Zkal +2(k =D|er,| —a, =t — g +25+|ao |+ B,].
a
n n
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n
Theorem H: Let P(z)= Zaj Z'be a polynomial of degree n with complex coefficients and
j=0
Re(aj) =aj, Im(aj) = ﬂj , 1 =012,......,n.1f for some positive real numbers r , s and K >1 and for some
2e{012,....n—1},
r+ao,z2a,,2...2a,,2ka,2a, ,2...20,2a,-520
and

B> By == B> 20,

then all the zeros of P(z) lie in

z+— [a +r+2(k - 1)|a1|+23+,B]

MAIN RESULTS

n .
In this paper , we prove the following generalizations of Theorems E and F: Theorem 1: Let P(z) = Zaj Z'bea
=0
polynomial of degree n with complex coefficients and Re(aj) =aj, Im(aj) =B, j=012,......,n.1f for some
real numbersr, s, u,vand K >1,1 >1 and for some A, 1z €{012,......n—-1},
r+o,<a,,<..<a,,<ka,>2a,,>2....20,2a,—5S
and

U+B, <P, <. o SIBL B> B2 BV,

then all the zeros of P(z) lie in the union of the disks |Z| <1 and

riuf [2(kai 18,) + 2(k —Dlar, |+ 201~ B, — (@, + B,) — (r +U)

—(o:0 + f3y) + 25+ 2V + e | +| By 1.
Taking u=v=0, I=1, g =n, f, =0, Theorem 1 reduces to Theorem G.

n .
Theorem 2: Let P(Z):Zajz‘be a polynomial of degree n with complex coefficients and
j=0

Re(aj) =aj, Im(aj) = ,Bj , ] =01,2,......,n.1f for some positive real numbersr,su,vand K >11>1 and
for some A, u€{012,......,n—1},
r+o,20,,2..2a,,2Ka, 2a, ;2.2 2a,—-s20
and
ug, 2B 122 B 2kB, 28, 2...... >p2p,-v=0,
then all the zeros of P(z) lie in
r+iu
a

s%[an + B, +T+U+2(k—Der, |+ 21 —1)‘ﬁﬂ‘+23+2v].

Taking u=v=0, I=1, ¢ =n, 8, =0, Theorem 1 reduces to Theorem H.

n

For different values of the parameters u, v, 1, s,k , |, 4, ££in the above results, we get many other interesting results.
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PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial

F(2)=Q1-2)P(2)
=1-2)(a,z"+a,,2"" +....+a,z+a,)
=-a,2" +(@, —a,,)2" +(@,, —a,,)2" " +...+ (8, —8,2) +

=-z"(@,z+r+iu)+[(a, +r—a, )2" +(a,, —a, ,)2" "+t (a,,, —Ka,)2*

ika, —a, )2t —(k-Da,z" +(a, ,—a, ,)2" " +......

+ ke, —a;)z
+(ay —ay +8)z—-sz+ay | +i[(u+ B, - f,,)2" + (B4 _ﬂn—z)zn_1

tont (B =182 + (1B, = B2+ (B, - B,.1)7"
+(B8, =B+ + (B = By +V)Z—VZ+ .

For |Z| >1 so that

— <1,j=0.12,.....,n, we have by using the hypothesis
YA

IF(2)2|7"|a,z +r +iu|~[l, + T —a, 47" +|ans — 2"+, —ke, |2
+(k-Dle, |
+ 8|z +[ay| +u+ B, = B2l +]Bos — Braf2]" + [ Bra KB

+(I —1)‘,6’#Hz|‘Hl +(1-1 ﬂﬂ‘|z|” +‘kﬂ# —,B#_luzr’ +o k| B = By +V|7]

ik -Dle,|g + ke, —a, )7 et |~ (@ - 9)|7]

vlz|+[]]
=|7"[la,z+ 1 +iu|—{e, +1 -0, ] +M Foe, |a“ln;|:%| ( _i)JfA
K i 2
(k-Der;| + ke, — ot R G + |
2" 2™ 2" 2"

|:Bn—1_13n—2|+ +‘ﬁu+l_kﬁﬂ‘+(l_l)‘ﬂﬂ‘

+lu+ By = Boal+

|Z| ...... |Z|n_”+1 |Z|n—/t+1
B O e S e S I %
ERTT L

27" [la,z+ 1 +iu|—{o, + 1 — | +eny — o]+ o+, — ke
+(K=Dla, |+ (k=Der, |+ ke, —a, 4|+ + |y — (g = 5)| + 5 + |y
+u+ B, = Boa| #|Bos = Boa| + oo+ | By — KB, + (1 -D)|B, ]
+(I—1),By‘+‘l,3ﬂ—ﬂﬂfl‘+ ...... +| B, = By + V| +V+| B[}

=7 "[la,z+r+iu|—{or,y —a, T +a, , —ay +etKa, —a,; +2(k=D|ar,|
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+ka, —a, |+ ta, —a, +s+s+|a0|+u+ﬂn — B+ BB
+ By =B, + 20 =D)|B, | +18, = By + oot By = By +V+V +|By}]
=|7"[a,z+r +iu|-{2(ka, +18,) +2(k ~Dler, |+ 2(1 -D|B,| - (@, + 5,)

—(r+u)—(a + By) + 25+ 2V +|a| + |5, [}

>0
if

a,2+1+iu| > 2(ka,18,) + 2(k —D|a, | + 20 ~1)|B,| - (@, + B,) = (r +U) = (g + B;) + 25+ 2V

+|0(0|+|ﬂ0|

i.e. if

AL >ﬁ[2(kallﬂy)+2(k ~Dla,|+20-1)|B,| - (@, + B,) = (r +u) = (& + ) + 25+ 2
+|0(0|+|ﬁ0|]-

Thus all the zeros of F(z) whose modulus is greater than or equal to 1 lie in

E

‘z sl [2(ka,18,) + 2(k — D, |+ 201 =D|B, | — (@, + B,) = (r +U) = (@, + B,) + 25 + 2

n n |

+eo|+[Bo]1-
Since the zeros of P(z) are also the zeros of F(z), it follows that all the zeros of F(z)
and hence P(z) lie in the union of the disks |Z| <land

G

‘z sl [2(ke,18,) + 2(k — D, |+ 201 =D|B, | — (@, + B,) = (r +U) = (@, + B,) + 25 + 2

n n |

+ao|+[Bo]1-

This completes the proof of Theorem 1.
Proof of Theorem 2: Consider the polynomial

F(2)=Q1-2)P(2)
=1-2)(a,z"+a,,2"" +....+a,z+a,)
=-a,z2"+(a,-a,,)2"+(,,—a,,)2" +...+(a, —a,2) +q,

=-z"(@,z+r+iu)+[(a, +r—a,,)z" +(a,, —a, ,)2" "+t (a,,, —Ka,)2Z
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ika, —a, )2t —(k-Da,z" +(a, ,—a, ,)2" " +......

+ ke, —a,)z
+(a, —ay +8)z—sz+ay | +i[(u+ B, —B..)2" +(Bry— B )2 "+
+ (B =182+ (B, = B + (1B, - B2 =B, = BT +.....
+ (B — By +V)Z—VZ+ ).

For |Z|21 so that

<1,j=012,...,n, we have by wusing the hypothesis

n-j —

IF@)| 22 [a,z+r+iu[~[a, +r—a, |2 +a, . — a7+t o, . ke, |

+(k-Dle,|7""
n n-1 p+l

+ 5[z + |t | +[u + By = BoalZ] +|Bus = Buald" H ot Bua — 18,7

+[1B, —ﬁﬂ\|z|”” 1B, = Boa|d +A=D|B, 2" + oo+ B = By + V2] + V|2 + |B,]

+(k-Dle, |7 + ke, —a, |7+t |y — (@ - 9)|7

_ — k-1
=17 "[la,z+r+iu|—{e, +1 -, 4| +—|a”‘1 A 2 - iflaﬂ| ( _)|_?|
|Z| |Z|n A |Z|n A
(k _1)|05/1| N |ka,1 - a,171| ...... |051 — (g - S)| S n |0£0|
2" 2" 2" 2™ |7
Bos By Bua-18. 118,
+u+ B, - B +%+ ...... + ’|‘Z+|lw+1 2+ | |z|n]4”+f

+‘Iﬂ”_ﬂ”71‘+(l_1)‘ﬂ”‘+ ...... +|'Bl_'80+v|+ v +@}]

2™ 4™ 4™ T

> |Z|n[|anz +r+iu|—{la, +r—a, | +an, —a, |+ o, —ka|

+ (k —1)|0‘/1|+ (k —1)|ai|+|kal _0‘4-1|+ ...... +|051 —(a, —S)|+S+|a0|
it By = Bl #1Bos = Bral 4 |Bs =18, [+ (1 =D, |
+‘I,B#—ﬂﬂ_1 +(I—1)‘ﬁy‘+ ....... +| B, = By +V|+V+|B,[}]

= |Z|n[|anz + r| —fa, +r—a,,+ta, ,—a, ,+.... +a,,, —ka,

+2(k —D|er, |+ ke, =4+ F oy — g + S+ S+ oty
FU+ By = Bos+ By =By ot Ba =B, +20-D)|8,]

1B, = By + et B = Sy +V+V+| B[}
=|7"[a,z+r+iu|—{a, +r+2(k—Dja,|+ 25+ B, +u+2(1 -1)|B, [+ 2}]

>0
if
la,z+ 1 +iu[ > @, + B, + 1 +u+2(k—Dja,|+ 201 -1)|8,|+ 25 + 2v
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i.e. if
rHiu ﬁ[“" + iy + 1+ U+ 2(k=Djer, |+ 201 -D|B, |+ 25+ 2v].
Thus all the zeros (;]f F(2) wr:ose modulus is greater than or equal to 1 lie in
o+ e+ B 2D 20D [+ 25424
n n

But those zeros of F(z) whose modulus is less than 1 already satisfy the above inequality. In fact, for |Z| <1, we have

Z+r+iu S|Z|+|r+|u|
' 2|
_1+L+L
.| [a]
@ tfy 1 u kD] +2(l—1)\/3ﬂ\ L2
al el al Tl fal
=ﬁ[an+ﬂn+r+u+2(k—1)|a,1|+2(l—1)‘ﬂ#‘+25+2v].
As all the zeros of P(z)are alsonthe zeros of F(z), it follows that all the zeros of F(z) and hence P(z) lie in
r+iu 1

[, + B, + 1 +u+2(k—Dla,|+2(1-1)|8,|+ 25+ 2v].

<
a, | |a,]
That completes the proof of Theorem 3.
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